The quantum black hole in 2+1 dimensions 
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Abstract 

> 

^ ■ In this paper we investigate the quantum nature of a 2+1 dimensional 

t;;-!- , black hole using the method [arXiv: gr-qc/0504030 which earlier revealed 

O i the quantum nature of a black hole in 3+1 dimensions. 
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The classical analog in 2+1 dimensional Einstein theory with a negative 
cosmological constant A = ^ of the Schwarzschild line element was first 
obtained by Banados, Teitelboim and Zanelli (BTZ) [1]. It is given by [2,3] 

ds' = { ^m + ^) dt" - \ , ^""^ ,, + T^d(r\ , (1) 

> "' ' ' -8M + ^^ ' 



M being the Arnowitt-Deser-Misner (ADM) mass. Whereas the Schwarzschild 
line element is asymptotically fiat, (0) is not. 

The gravitational collapse of a disc of pressureless dust (the 2+1 di- 
mensional analog of the Oppenheimer-Snyder collapse [4]) was studied by 
Mann and Ross [5] who found that it - the three spacetime {3D) collapse 
- exhibits properties that entirely parallel those of the four spacetime (4D) 
Oppenheimer-Snyder collapse. 

The quantum nature of the 4D Schwarzschild black hole was revealed in 
the paper by Ram, Ram and Ram [6] using a method in which one makes 
quantum mechanics from time-like geodesies, obtaining thereby a quantum 
equation which quantizes mass. The use of Bose's method [7] then reveals 
the quantum statistical nature of the AD black hole, namely that it is a Bose- 
Einstein ensemble of quanta of mass equal to twice the Planck mass. In the 
present note we apply the method [6] to the 2+1 dimensional case. 

The first integral of the time-like geodesies in three space-time dimensions 
with the BTZ line element (PQ) can be easily obtained, and is given by 

r^^L^{~'-^^^)-SM4^E^ (2) 

with E and L constants of integration. In Eq. Q dot means differentiation 
with respect to the proper time. Following Ref. 6 we put E = L = in ^, 
and obtain 

-r^ + -cjV^ = 4M (3) 
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with u = J. Proper use of the Schrodinger prescription in (jHl) then leads to 
the quantum equation 

Thus the harmonic oscillator shows itself again, though in this case it is a 
two-dimensional one as opposed to the four-dimensional one in the 4D case. 



With U = r^/'^ip and M = jj/A, Eq. (jlj) takes the form 
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U = fiU 



(5) 



with u equal to two [8,9]. The quantum equation © has the eigenvalues [10] 

/i„ = 2(n + l)cu, n = 0,1,2,- •-. (6) 

Thus mass is quantized [11] as in ©• That is, the nth mass (/i) state is 
occupied by n pairs of mass quanta, each quantum being of a; = 2 or of mass 
(energy) twice the Planck mass (energy); same as in the AD case. 

With the establishment of the connection of the energy element of the 
two-dimensional oscillator with the mass quantum of pure gravitation via 
Eqs. (JSIEI), one can again use Bose's method to calculate the entropy S of 
pure gravitation within a 3D black hole. Let the mass of the BTZ black hole 
as in the paper of Mann and Ross [5] be Mb and let it contain 2N quanta. 
Then Mb = 2Nuj. Let us rewrite Eq. © as 
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(n + l)uj, n = 0,1,2,- •• 



(7) 



so that the nth e-state contains n quanta. The thermodynamic quantity E 
in Bose's paper [7] is given by 
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same as in the AD case. The entropy S is again calculable using the expression 

[6] 

S = ^-N (fl^ - l) in (l - e-^l^) , (9) 
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For ^ <C 1, i.e. for large Mb, Eq. (fTUj) reduces to 
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For the 2+1 dimensional black hole, if we take [2] T = ^;^ 
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^, then Eq. dTTD becomes 
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with 



(12) 



Eq. (fT^ says that the entropy of a 3D black hole is given by not just 



27rr7 



2-iTr 



but by -^^ times a monotonically increasing function of the black hole mass 
Mb [12,13]. This is the difference between the 2+1 dimensional black hole 
and the 3+1 dimensional black hole for which the entropy comes out to be 
J {A being the area of the AD black hole and 27rrJ being its 3D analog). 

The above investigation demonstrates - plainly - that the method [6] 
originally given for the AD case works as well for the 3-dimensional case. 
The investigation, moreover, brings out - unambiguously - the importance 
of quantum statistical effects. 
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